Nomenclature
R τ shear stress ratio ρ notch radius σ' loc local stress corresponding to the maximum strain σ n nominal stress referred to the net section σ f ' fatigue strength coefficient σ n,max maximum stress acting normal to a plane
Introduction
Components and structures in several engineering applications, such as high temperature exchangers and nuclear vessels of fast breeder reactors, undergo multiaxial low cycle fatigue (LCF)
under non-proportional loading in which principal stress and strain directions are changed in a cycle. Unlike the uniaxial loading condition, multiaxial fatigue presents higher grade of complexity, due to several factors, such as the complex stress states and/or loading history. For the evaluation of fatigue life of components subjected to such critical conditions, different approaches have been developed and reported in several works [1] [2] [3] [4] [5] . Pioneering works on the life evaluation under nonproportional loading were mainly based on critical plane approaches, such as Fatemi-Socie [6] and
Smith-Watson-Topper (SWT) [7] . Other authors instead, focused on energetic approaches for the fatigue life assessment under non-proportional loadings and, more in general, under localized plastic phenomenon [8] [9] [10] [11] [12] [13] [14] . Critical plane and energy approaches found good applicability of fatigue life evaluation in multiaxial high cycle and LCF under proportional loading condition.
However, components might be subjected mainly to non-proportional loading in operating conditions. This situation affects the fatigue life and hardening behavior of the component: fatigue life is usually reduced and an additional hardening occurs compared to proportional loading as reported in several references [15] [16] [17] . In general, when classical models are applied to nonproportional loading, fatigue life tends to be overestimated.
While many studies have been carried out considering multiaxial fatigue of smooth specimens, a limited number of papers have been reported for notched specimens. The evaluation of the local stresses and strains near a critical feature, such as a notch, is of primary importance for a correct and reliable estimation of the fatigue life. However, this task is far from easy. When dealing with notches, indeed, only the nominal load is known, while the local parameters are estimated involving more sophisticated methods and variables (e.g. geometry, mechanical properties, loading history) [18] [19] [20] . In case of complex geometries, the post-processing of incremental nonlinear FE models seems a reliable solution to obtain the local stress-strain histories, as shown by several authors [21, 22] , but it is computationally expensive and not effective in case of complex geometries. For these reasons, simpler methods are desirable, for example combining model for the local stress and strain estimation, together with material constitutive relations. When dealing with notched components, the stress concentration factor is defined considering the notch root/tip or in general the point where the maximum stress occurs. However, stress and strain gradient moving away from the tip can be present and plays a fundamental role in the fatigue failure. For this reason, the failure should be considered as taking place over a volume rather than in a point. An analysis of the variation of stress and strain in the volume surrounding the notch is always desirable, in order to avoid overly conservative life predictions [20, 23, 24] . Some authors, in the past and recent literature, dealt with these matters. In a reference [25] the notch effect the multiaxial LCF is investigated. The number of cycles to crack initiation was found to be significantly influenced by notch radius. Those authors also showed that the additional hardening at the notch tip plays an important role in the fatigue process.
Itoh and Sakane [26, 27] proposed a strain based model which takes into account additional hardening and strain path. A new strain parameter, Δε NP , called non-proportional strain range, was defined to assess failure life. This model has been applied widely to hollow cylinder smooth specimens made by different materials, and its accuracy was verified comparing the results from proportional and non-proportional loadings. The results were successfully synthesized in a factor two band which suggested a good estimation of fatigue life and an accurate interpretation of the factors involved in the proposed model [28, 29] . Recently, Itoh et al. [30, 31] The model is well supported by original finite element analyses that consider the cyclic stress and strain curves obtained experimentally. In detail, the specimen was modeled in different areas with different hardening levels. By using this technique, the analysis of the hardening behavior is heavily simplified but reliable approximation of plasticity effect is taken into account for the specific case studied here.
The paper is motivated by the fact that a deviation from the notch tip of the crack initiation point was detected experimentally for some specimens, due to the steep strain gradient at the notch tip.
The analysis permitted the evaluation of local parameters, such as stresses and strains, that allowed the authors to better understand the local hardening behavior and to develop the improvement of their original model [26, 27] . Comparison of the obtained results with Smith-Watson-Topper approach [7] is also presented.
Non-proportional Multiaxial Fatigue Tests
Non-proportional multiaxial fatigue tests were carried out by a circumferentially notched roundbar specimen made of AISI316L. The specimens are provided in annealed condition (solution heat treatment at 1353 K). Different stress concentration factors K t,n =1.5, 2.5, 4.2 and 6.0 were employed. Geometrical specifications are depicted in Fig. 1 
(a)-(d).
The specimens were tested by using proportional and non-proportional strain paths. Proportional load is represented both by push-pull loading (push-pull) and reversed torsion loading (rev. torsion)
tests. Non-proportional load is represented by a circle loading (circle) test in which equivalent stress and strain assumes the same value for all the duration of the cycle, as shown in Fig. 2 . Cyclic stress and strain curves were obtained from a step up test where strain range was increased by 0.1% every 10 cycles. As shown in Fig. 3 , the curve of the circle test is higher than that of the push-pull test due to the additional hardening of non-proportional loading.
Tests were made by applying a von Mises equivalent and constant strain range Δε eq , equal to 0.7%. Axial and shear displacements were measured through an extensometer, and gage length was 7 mm for all the specimens. The number of cycles to failure N f , is defined as the number of cycles at which the stress amplitude becomes 3/4 of the maximum value. The detailed results are summarized in Table 1 . Non-proportional and additional hardening effects on fatigue life are very clear, the fatigue life of non-proportional loading tests is lower than proportional one comparing the results from the same stress concentration factor.
From a detailed analysis of the tested specimens, the crack initiation was detected shifted from the notch tip where the largest concentration of stress occurs. This assertion is clearly depicted in Fig. 4 . This behavior is mainly due to local hardening caused by non-proportional loading, and suggests that another quantity, different from the concentrated stress due to the notch tip, controlled the failure of the specimens. Indeed, when dealing with notches, usually a steep stress or strain gradient moving away from the notch tip exists. The gradient plays an important role in the fatigue failure of the component, and should be accurately considered, taking into account a volume zone rather than the point where the maximum stress occurs.
In addition to the analysis of the crack initiation zone, further analyses were carried out on the hardness evolution during the tests. In detail, the hardness was detected on 5 directions (0°, 10°, 30°, 50° and 70°) along the longitudinal section of the specimens after 0.3N f (see Fig. 5 ). The detected hardness is shown in Fig. 6 (a) and (b) along 0° direction that corresponds to the notch bisector. Maximum value of hardness in notched specimens depends both on strain paths and notch tip radius, confirming that non-proportional loading has a great influence on additional hardening.
Based on the hardness values of the spots evidenced in Fig. 5 , an approximated hardness distribution is obtained and reported in Fig. 7 . Even if the hardness maps of Fig. 7 might not reflect accurately the continuous and gradual real variation of the hardness, they are a useful approximation to show the distribution of hardness around the notch tip, depending on K t,n and strain path.
Itoh-Sakane Model for Fatigue Life Evaluation under Non-proportional Loading
Itoh-Sakane (IS) model was originally developed for fatigue assessment of smooth specimen made of different materials subjected to proportional and non-proportional loadings [26, 27] . The model introduced two factors for the evaluation of the failure life: the non-proportional factor f NP which expresses the intensity of non-proportional loading, and the material constant α which is related to the material additional hardening due to non-proportional loading. By these factors, a strain parameter, Δε NP is derived, starting from the experimental principal strain range Δε I ,
Equation 1 represents the Itoh-Sakane model in its damage parameter. The explicit formulation of the model that correlates Δε NP and the number of cycle to failure is reported for the sake of clarity in Eq. (2)
where E, σ f ' and ε f ' are Yong's modulus, a tensile strength and an elongation, respectively. In this study, E and σ f ' are put as the mechanical properties obtained from the tensile test but ε f ' is defined to fit the fatigue life curve to the data of the push-pull loading test.
For the AISI316L the constant α takes the value of 0.9. The non-proportional factor, f NP , takes the value of 1 for the circle condition and 0 for the push-pull and the rev. torsion condition. The model can be applied to smooth specimens since Δε I corresponds to the maximum nominal strain range.
Similarities with critical plane approaches can be observed. However, the IS's model simplifies the estimation of the fatigue life by modifying the maximum strain range parameter, without the necessity of detecting the critical plane as a first step. This point is better discussed later in the paper. In Eq. (1), Δε I can be replaced by such as an equivalent strain range of Von Mises or Tresca.
Since many components have complex shapes, stress concentration effects may occur. In these cases Δε I does not correspond anymore to the maximum strain and Δε NP should be evaluated starting from local strain values. The authors tried to apply the relationship between Δε NP and N f to notched specimens, evaluating the local stress by K t,n and assuming the corresponding local strain at the notch tip,
Results of the application of this model are summarized in Fig. 8 . A factor of 2 band represents the data of hollow cylinder smooth specimens obtained in a previous work [28] . Non-proportional strain range is well correlated with N f even for notched specimens with different notch severity.
Since K t,n is evaluated under linear elastic condition, its employment under LCF, when plastic deformations occur severely, introduces unavoidable approximations. To consider plastic deformations, Neuber's rule [32] can be applied to evaluate local strain, with an overestimation of the fatigue life [25] . Alternatively, finite element analysis is employed to evaluate the local parameters, as shown in previous works [25, 30] but with high computational cost.
Data presented in [28, 30] is also analyzed by means of SWT approach shown in Eq. (4) for comparison,
where Δε 1 is the principal strain range, and , is the maximum stress on the principal strain range plane. Effects of non-proportional loading are included in the , , and the SWT parameter does not need any additional modifications. When dealing with notched specimens, the stress concentration factor is introduced and Eq. (4) becomes,
The results are reported in Fig. 9 . As shown in the figure, SWT returns a slightly larger scatter band of 2.5, comparing with the IS model of Fig. 8 where the scatter band is of a factor of 2.0.
Evaluation of Local Parameters by Finite Element Modeling

Modeling procedure
As mentioned above, the application of IS's model relies on the knowledge of local parameters.
These are evaluated on the basis of liner elastic behavior neglecting the plastic contribution, or with a finite element analysis in order to take into account the effects of inelastic deformation and hardening occurring at the notch tip. As shown in Fig. 7 , it emerges that the hardening occurred around the notch tip is not uniform, but different zones with different levels of hardening are observed. In order to faithfully replicate this behavior in numerical simulations, a particular technique is employed. The notch tip is divided in different hardening areas and a cyclic stress and strain curve is assigned to each area. Even if a simplification, circular areas were modeled. The minimum and maximum hardness are represented by the cyclic stress and strain curves in the pushpull and the circle experimental test, respectively. For this reason, the cyclic stress and strain curve in the push-pull test was assigned to the material close to the axis of symmetry, far from the notch tip, while the cyclic stress and strain curve in the circle test to the outer surface of the notch tip. This assumption is supported by the hardness maps obtained experimentally which show a gradually decrement of the hardness moving away from the notch tip. The same hypothesis can be drawn by simple considerations based on the shear stress. As shown in Fig. 10 , the shear stress assumes maximum value at the outer surface that corresponds to the circle condition. However the shear stress becomes zero at axis of the specimen, and the push-pull condition can be assumed. Through 
The circle condition was related to 100% of R τ while the push-pull condition to 0%.
The procedure followed for the determination of the intermediate cyclic stress and strain curves is presented exhaustively later. By using this modeling technique, the cyclic hardening behavior was intrinsically taken into account. A static axial loading corresponding to the maximum axial nominal stress range recorded in experimental tests (see Table 1 ) was applied. As a final result, values and positions of local strain and stresses were obtained.
Modeling of the notch tip hardening behavior
The following power law constitutive equation was employed to describe the cyclic non-linear relationship between the stress and plastic strain,
The cyclic strength coefficient K' and the cyclic strain hardening exponent n' were obtained by best fitting of the plastic trend of the cyclic stress and strain curves in the push-pull and circle tests as shown in Fig. 3 ,
Equation (8) 
Equations (10) and (11) permit to obtain an arbitrary number of cyclic stress and strain curves, as a function of the modeled areas and of the shear stress distribution. These are included within the cyclic stress and strain curves of the push-pull and circle loading conditions. It is evident from the formulation of the last Eqs. (10) and (11), that the parameter K' was assumed to vary according to exponential law, while the parameter n' has a linear trend. Figures 11 and 12 show examples of the trend of the hardening parameters as a function of the shear stress variation. Figure 13 depicts an example of the cyclic stress and strain curves obtained varying hardening parameters according to Eqs. (10) and (11) . In the present paper, 100 areas are assumed as a good trade off within accurate results and computational cost. As a consequence, 100 cyclic stress and strain curves are modeled to describe the notch-tip hardening behavior. The linear elastic trend was maintained constant following the mechanical properties reported in [30] that are E=197 GPa and ν=0.3.
Finite element modeling
An accurate 2D finite element model of the notched specimens was realized through APDL ANSYS FE tool. The high order element SOLID273 was employed assuming axisymmetric key option, and a fine mesh was realized. The multilinear isotropic hardening model (MISO) was assumed to describe the elastic-plastic behavior of the component. In total, 100 cyclic stress and strain curves were modeled and assigned to the 100 circular areas in which the notch tip was divided. Each area represents an increment of the shear stress equal to 1%. Figure 14 depicts the model and the circular areas around the notch tip for the specimen represented in Fig. 1a (K t,n =1 .5).
The dimension and position of the areas were selected based on the shear stress variation that depends on K t,n . Figure 15 shows the trends of the shear stress variation as a function of K t,n and distance from the notch tip applying a pure torsion load to the specimen. Smaller areas, relatively close to each other, were modeled for high variations of the shear stress, while bigger areas relatively far from each other for small variations. The final results is depicted in Fig. 16 , considering the specimen of Fig. 1a (K t,n =1.5).
Mesh convergence study was performed until the results were stable and not affected by the mesh refinement.
Results and Discussion
Local stresses and strains were obtained through the finite element simulation presented previously and permitted to investigate the gradient occurring around the notch tip. The contour plots of Fig. 17 show that the positions of the maximum strain and of the notch root (where one obtains the maximum stress) are different. This phenomenon is verified for all of the considered geometries. For the sake of brevity, only the results regarding K t,n =1.5 and 4.2 are reported in Fig.   17 . The location of the maximum strain corresponds to the shifted crack initiation site detected from experimental results (see Fig. 4 ). This deviation from the notch tip is quantified in terms of angle and summarized in Table 2 . A reference center is defined at distance from the notch tip
(ρ is the notch radius while 2α is the notch opening angle) in according with auxiliary system of curvilinear coordinates defined by Neuber [33] and other authors when dealing with notches [34] [35] [36] [37] [38] [39] . Once defined the center, a preliminary angle θ p within the maximum strain node and the notch tip is evaluated. To take into account the different notch radius, θ p was divided by the stress intensity factor K t,n , obtaining the final results θ p ' reported in Table 2 . This expedient takes into account the different sharpness of the notches and permits a correct comparison within different geometries. Figure 18 depicts the center and the angle for the sake of clarity.
The obtained new local parameters is employed in the IS's model. In details, a new stress concentration factor K t ' is evaluated as the ratio within the stress σ' loc corresponding to the maximum strain and nominal stress σ n referred to the net section,
K t ' is used in substitution of the common stress concentration factor, referred to elastic conditions.
The new IS's model formulation becomes, Table 2 reports the values of the K t ' and elastic K t,n for the considered geometries. The experimental data presented in the previous section is reanalyzed by mean of Eq. (13). The new results, compared with the one previously obtained by the present authors [30] , are shown in did not take into account the real damage processing. The existence of a shifted maximum strain was supposed by the author on the basis of past results, but it was not investigated in detail [25, 30] .
According to the analysis carried out in the present paper, the real local parameter is evaluated and employed, resulting in an improvement of the original results.
The results are also additionally compared with the one obtained by a modified SWT approach, in which the shifted K t ' is employed instead of the common stress concentration factor. The modified SWT parameter becomes,
The results are shown in Fig. 20 , together with the original scatter band. From the results, it is clear that if modified stress concentration factor is employed in the SWT formulation, the original scatter band of 2.5 increases and becomes equal to 4.
The evaluation of fatigue life through the IS's model, unlike the SWT approach, is not related to the definition of the critical plane. This solution simplifies the evaluation of the multiaxial fatigue life since in some cases the detection of the critical plane is complex. On the other hand, this simplification involves also limitations when IS's model is applied to non-proportional loads combined with complex loading history such as random loading. In this case, in fact, the plane of maximum strain range usually does not coincide with the plane where the fracture occurs. In addition, the model can be applied only to tensile-sensitive material, where the cracks tend to initiate on critical planes defined by normal/principal components. In the present paper, the model has been applied to the tensile-sensitive material AISI316L and only simple cyclic loads have been considered. Under these conditions, the critical plane is defined by the principal components of the load cycle, and the IS's model gives comparable or even better results (when modified stress concentration factor is employed) than the SWT approach.
The limitations of the IS's model described above have been also considered in developing the finite element analyses procedure described in Section 4. The method, in fact, is an approximation for simple periodic non-proportional loading, since the material behavior changes in space (several areas with different hardening behavior have been modeled) but not in the time domain. Despite this, the procedure is valid because applied to a specific case in which simple loads are considered.
Moreover, it has been developed in order to obtain the parameters needed in the IS's model.
Random or in general not simple periodic non-proportional loading would need the application of more sophisticated incremental plasticity calculations, as well as the application of different fatigue models.
Conclusions
The present work outlines a new formulation and improvement of the Itoh-Sakane's model for multiaxial fatigue under non-proportional loading of notched components. On the basis of accurate finite element analyses, new local parameters are evaluated and employed in the original formulation. In detail, the model is divided in several areas to which a specific cyclic stress and strain curve is assigned, in order to reproduce the local hardening. This approach permits to obtain a model with a progressive transition within the pure push-pull behavior occurring at the axis of symmetry (null shear stress) to the circle test at the notch tip (maximum shear stress). A simple tensile load test is subsequently applied since hardening effect was intrinsically considered in the modeling.
The main conclusions can be summarized as follow;
1. The analyses show that the maximum strain does not occur at the notch tip but it is shifted from that position as a function of the stress concentration factor and so of the geometry. This behavior becomes more evident for lower K t,n . For higher K t,n , because of the high stress concentration effect, the displacement from the notch tip tends to be lower.
2. The shifted maximum strain justifies the experimental evidence emerged from previous work [30] . The crack initiation site was not located at the notch tip, where the maximum stress occurs, but where the maximum strain occurs. 
Fig. 17
Contour plots of strain near the notch: (a) K t,n =1.5 and (b) K t,n =4.2. Fig. 18 Evaluation of the angles within the maximum strain node and the notch tip; ρ is the notch radius, 2α is the notch opening angle, distance r 0 .
Fig. 19
Correlation of N f with K t,n ∆ε NP and K t ' ∆ε NP .
Fig. 20
Relationship between the modified SWT ' parameter and N f for push-pull, rev. torsion and circle tests. Distance from notch root r, mm Vickers hardness HV K t,n =1.0 K t,n =1.5 K t,n =2.5 K t,n =4.2 K t,n =6.0 
